We use the BN-pair structure for the general linear group to write a suitable listing of the elements of the finite group GL(2, q) which is then used to determine its ring of matrices. This approach of identifying finite group ring with ring of matrices has been used effectively to construct linear codes, benefiting from the ring-theoretic structure of both group rings and the ring of matrices.
Introduction
Group rings of finite groups became a rich source for constructing error-correcting codes and investigation, their properties since F.J. MacWilliams [1] and S.D Berman [2] considered cyclic codes as ideals in the group algebra of finite cyclic groups. R. Ferraz and Polcino Milies [3] brought the techniques and deep structure of the group algebras into play by studying idempotents which generate codes. In [4] T. Hurley proved that the group ring RG of a finite group G of order n over a ring R is isomorphic to a ring of G-matrices of size n × n over R, and this was used in many later papers to construct and analyse codes from units and zero-divisors. When R has an identity and no zero-divisors (e.g. when R is a field), Hurley used this identification to describe the unit group U(RG) and zero-divisors of RG in terms of the properties of their corresponding matrices. The first (and main) step towards getting codes from a group ring RG is to choose an appropriate listing for the elements of G upon which depend other steps namely; finding the matrix of G (relative to the listing), the ring of matrices of RG and constructing unit-type and zero-divisor-type codes (all this steps are explained in [5] ). The types of matrices have been determined for several classes of finite groups such as cyclic, elementary abelian and dihedral groups [4] . Matrices which appear in this identification include several types such as circulant, Toeplitz, Walsh-Toeplitz and Hankel Matrices. In this paper the linear group G = GL(2, q) is considered; we shall use the BN-pair structure of G (see [6] , section 69) to choose a listing for its elements suitable for determining the matrix of G and hence the ring of matrices of RG. Being the first linear group to be considered in this manner we hope this will lead to constructing new linear (unit-type and zero-divisor-type) codes.
The ring of matrices of a group
Let G be a finite group of order n with a given listing G = {g 1 , g 2 , . .. , gn}, and let R be a ring. Consider the matrix of the group G relative to its listing, say M(G), which has the following form: Now let u = ∑ n i=1 αg i g i be an element in the group ring RG. Then the RG-matrix which corresponds to u in R (n×n) , the ring of (n×n)-matrices, is given by:
Given a listing of the elements of a group G of order n. There is a bijective ring homomorphism σ ∶ u → M(RG, u) between the group ring RG and the ring of (n × n) RG-matrices over R.
There are several types of the RG-matrix which appear as isomorphic to a certain group rings. These types include Toeplitz-type matrices, Walsh-Toeplitz matrices, circulant matrices, Toeplitz combined with Hankel-type matrices and block-type circulant matrices; see [4] for more specifics and examples.
3. BN-pair structure of G = GL(2,q) Definition 3.1. [6] A finite group G = (G, B, N,U, R,W ) is said to have a split BN-pair of rank n if the following conditions are satisfied:
• G has a BN-pair of rank n, such that:
-W = N H, is the corresponding Coxeter (Weyl) group which is generated by involutions, W = < w 1 , w 2 , .. . , wr >.
• There exist a normal subgroup U ⊴ B such that B = U ⋊ H (semidirect product),
• U = Op(G), and H is an abelian p ′ -group.
We have the Bruhat decomposition ,see [6] G = ⊍ and each element in G can be written uniquely in the form bnu, where b ∈ B , u ∈ U − w , n is the coset representative of an element w ∈ W . Now, for example, if G = GL(n, q) then G has the structure of split BN-pair, where B is the subgroup of an upper triangular matrices, N is the subgroup of monomial matrices, and H is the subgroup of the diagonal matrices. In fact, the Coxeter group W of G = GL(n, q) is isomorphic to the symmetric group Sn. W = N H ≅ Sn.
We shall concentrate on the case when n = 2. From the split BN-pair setting, we have GL(2, q) = B ⋃ BwB, where
Since we have BwB = BwU − w , ∀w ∈ W , where U − w = U ∩U wow , and since the Coxeter group W in this case is isomorphic to S 2 = {e , (12)}.
Then w = wo = (12), and
where noH = Hno = wo. The monomial subgroup N in our case have the form;
and for no ∈ N, take no = 0 1 1 0 which corresponds to the permutation (12) in S 2 .
Therefore,
λ , α, β ∈ Fq, and x, y ∈ F Counting the elements we have,
We write h(x , y) = x 0 0 y ∈ H; x, y ∈ F * q and u(λ ) = 1 λ 0 1 ∈ U; λ ∈ Fq.
Multiplications
In the light of the coset decomposition of GL(2, q) = B ∪ BnoU = HU ∪ HUnoU, we shall discuss four cases of element multiplication in G = GL(2, q): * HU HUnoU HU CASE 1 CASE 2 HUnoU CASE 3 CASE 4
Fq we define the multiplication as the following:
Case 2:
Special case : If α = λ + x −1 β ′ y = 0 the multiplication will be as :
Inverses
The following proposition gives the rule for getting the inverses of the elements of GL(2, q).
Proposition 5.1. For each x, y ∈ F * q and λ , β ∈ Fq there are two cases for getting the inverse: 1-The element of the form h(x , y) u(λ ) :
The listing of this group depends on the number q and we discuss two cases:
In this case, the linear group G = GL(2, p) has (p 2 − 1) blocks, each consists of
) obtained by the following listing: Type (x, x); x ∈ Z * p gives (p + 1) blocks:
(1) THE BLOCK B(x, x); x ∈ Z * p , obtained from the following listing subset:
THE BLOCKS B(x, x)(λ ); λ = 0, 1, 2, ⋯, p − 1, obtained from the listing subsets:
Type (x, y); x ≠ y gives the following (p
THE BLOCKS B i (x, y); i = 1, 2, ⋯, p − 2, obtained from the listing subsets:
where,
obtained from the listing subsets:
The total number of blocks in this case:
).
, obtained from the listing subsets:
From the general theory, the matrix of this group has 3 2 − 1 = 8 blocks each block consists of
The matrix of G = GL(2,q)
Now we shall determine the G-matrix of the group GL(2, q) with respect to the listing which obtained in the previous section: We start with the first case when q = p. Consider T (1, 1) in the first block B(x, x) which has the elements g 1 , g 2 , ⋯, ⋯, g 2p−2 , g 2p−1 , g 2p with their inverses. Then the resulting matrix will have the following form:
This is a circulant matrix type. Now for any subset in the the block B(x, x). Consider the elements of T (t,t): gt 1 , gt 2 , ⋯, ⋯, gt 2p−1 , gt 2p with the inverses of the elements in T (1, 1), then we will get the following matrix: 
Furthermore, if we get the elements of T (t,t) as above with inverses of an arbitrary subset in B(x, x), say T ( j, j), we will get the following matrix: 
Where, gt i * g ji
This obtained using these tow following equations :
Now, if we take the elements of T i (x, y)(1)(λ = w) from the block B i (x, y)(λ = w), g i1 , g i2 , ⋯, ⋯, g i2p−1 , g i2p , with the inverses of elements of
js . The resulting matrix will have the following form:
Also, for another matrix in the same Block. We can get the elements of T i (x, y)(n)(λ = w) from the Block B i (x, y)(λ = w) with the inverses of the elements of T j (x, y)(n)(λ = k) in the block B j (x, y)(λ = k). Then we will get the same circulant matrix which we obtained when we take the elements from the first subsets of these certain blocks. We find in this case the G − matrix of the group GL(2, q) with respect to the above proposed listing form q ). The resulting matrix will have the following form:
The same matrix will appear when we take the elements of T b (a i , a 
s . Then the matrix will be as the following : 
The same matrix will obtained when we take the elements of Tx(a i , a Note that : When the matrix is appear again in a certain block (with the same elements) the order of the element maybe change (they permute) not always the same (as in the example of GL(2, 5)) . We find the G-matrix of the group GL(2, q) with respect to the above proposed listing using the multiplication table as well as the rule for getting the inverses explained above. It turns out that the G-matrix (and hence the coding matrices) is a q
Remark 7.1. When q = 2, the general linear group G = GL(2, q) ≅ S 3 and the matrix of this group is actually a block circulant matrix as well. Also, when q = 3, the matrix of GL(2, 3) with respect to the listing given in [example (6.1)] is a block circulant matrix.
Summarizing we have the following, Theorem 7.2. : With respect to the elements listing for the group G = GL (2, q) , the G-matrix has the form of block circulant matrix.
Examples of the G-matrices
Here we have two examples of the matrix of G = GL(2, q) : 1-The listing of elements of GL(2, 5) : Gl(2, 5) = 480. This will divide in to 24 blocks with 20 elements in each block .
Type (x , x) : Block B(x, x): T (1,1): Type (x , y) : Block B 1 (x, y) : 
Now for another block we take the elements of block B 2 (x, y)(λ = 2) with inverses of the elements of the block B(x, x). So, we get : 
